The performance of the previously proposed polarization consistent basis sets is analyzed at the Hartree-Fock and density functional levels of theory, and it is shown that each step up in basis set quality decreases the error relative to the infinite basis set limit by approximately an order of magnitude. For the largest pc-4 basis set the relative energy error is approximately 10 Ϫ7 , and extrapolation further improves the results by approximately a factor of 2. This provides total atomization energies for molecules with an accuracy of better than 0.01 kJ/mol per atom. The performance of many popular basis sets is evaluated based on 95 atomization energies, 42 ionization potentials and 10 molecular relative energies, and it is shown that the pc-n basis sets in all cases provides better accuracy for a similar or a smaller number of basis functions.
INTRODUCTION
Density functional theory ͑DFT͒ 1 has become a popular tool for electronic structure calculations in recent years due to its favorable combination of low computational cost and good accuracy for the calculated results. In analogy with wave mechanics methods, there are two main parameters controlling the accuracy of the results, the inherent approximations in the Hamiltonian and the size of the basis set used for expanding the Kohn-Sham ͑KS͒ orbitals ͑here we neglect relativistic effects which become important for systems with atoms from the lower part of the periodic table͒. In wave mechanics the Hartree-Fock ͑HF͒ method provides the common reference, and various methods are available for calculating the remaining correlation energy. Based on theoretical analysis there are well-defined procedures for improving the Hamiltonian toward the exact nonrelativistic limit, of which coupled cluster methods currently appear to be the most popular choice. 2 The correlation consistent basis sets developed by Dunning and co-workers 3 have proven to be a good choice for systematically approaching the basis set limit for the correlation energy. Coupled with extrapolation procedures, such methods have been able to provide results of an accuracy rivaling experiments for certain properties. 4 The main problem with DFT methods is the lack of a well-defined method for systematically improving the Hamiltonian toward the exact limit. Within KS-theory this corresponds to choosing the exchange-correlation energy functional. The local spin density approximation ͑LSDA͒ provides a reference point within DFT, similar to the HF model in wave mechanics. The introduction of generalized gradient approximations provided a large step forward in terms of accuracy, and many different functionals have been proposed. [5] [6] [7] [8] [9] A further improvement was achieved by mixing in part of the ͑exact͒ HF exchange energy, as first suggested by Becke. 10 Such hybrid methods are capable of giving impressive results, even for systems that are difficult to describe with wave mechanics methods. The search for functionals capable of improving the results provided by hybrid methods is currently an active area of research, [11] [12] [13] [14] [15] but limited success has been achieved so far. Some of these methods include a small number of empirical parameters that are chosen based on fitting to experimental data.
The other user defined component of a DFT calculation is the basis set used for expanding the KS-orbitals, but this has received relatively little attention. For applications to extended systems a plane-wave basis is often used, although recently this has also been used for smaller molecules, 16 while for molecular systems a Gaussian type basis set is commonly used. There is a general agreement that the basis set convergence of KS methods is relatively fast, and very similar to that of the HF method. The correlation consistent basis sets developed for correlation energy have been used for approaching the KS-limit, 17 but for application and development purposes a double zeta ͑DZ͒ or triple zeta ͑TZ͒ type basis set is typically used. A polarized TZ basis set is often assumed to provide results close to the KS-limit, but no explicit calibration has been performed. Given that the basis set is an integral part of many developments of new exchange-correlation functionals, the total error becomes a combination of errors in the Hamiltonian and the basis set. If the functional contains empirical parameters, the fitting will to some extent compensate for inadequacies in the basis set, and the employed basis set thus becomes an integral part of the model. ing the KS-limit, allowing a direct evaluation of the basis set error for other basis sets. In the present paper we focus on total atomization energies, comparisons for other properties will be reported in due course.
RESULTS

Defining polarization consistent basis sets
The principle for constructing the polarization consistent ͑pc͒ basis sets is that basis functions which provide similar amounts of energy should be included at the same stage, and each step up in quality adds a set of the next higher angular momentum functions. This is analogous to the procedure for constructing the correlation consistent basis sets, except that the analysis must be performed on molecular systems since the atomic energy is invariant to polarization functions. An analysis of a series of molecules at the HF level of theory showed that the optimum composition in term of functions with different angular momenta is insensitive to the molecular environment, and it is therefore possible to construct generally applicable atomic basis sets. 18 We thus proposed a series of polarization consistent basis sets pc-n (nϭ0 -4), where the value n indicates the polarization level beyond the isolated atom. For first row elements a pc-0 basis set thus only contains s-and p-functions, a pc-1 basis set contains in addition d-functions, a pc-2 basis contains also f -functions, etc. The s-and p-exponents were optimized for the isolated atoms, while exponents for polarization functions were chosen based on explicit optimization for a series of representative molecules.
In general it is assumed that the basis set convergence for HF and DFT methods is very similar, since the three major components of the energy ͑electron kinetic energy, electron-nuclear attraction and electron-electron Coulomb energy͒ are identical in the two cases, and the similarity has been demonstrated explicitly for H 2 . 19 In Fig. 1 we show a comparison of the energetic importance of each basis function for the N 2 molecule at the HF and BLYP ͑Becke gradient corrected exchange 6 and Lee-Yang-Parr gradient corrected correlation energy 7 ͒ levels. All exponents have been explicitly optimized with the procedure used previously. 20 It is seen that the energetic importance is virtually the same for the two methods, and the pc-n basis set compositions in terms of the number of s-,p-,d-, etc. functions derived from HF results are thus also valid for DFT methods.
While the energetic importance of basis functions for the HF and DFT methods ͑illustrated by the BLYP results͒ are very similar, there are some minor differences in the values of the optimum exponents for the basis functions. The optimum exponents for the s-and p-functions ͑optimized for the isolated atoms͒ are in general slightly lower ͑more diffuse͒ at the BLYP level compared to HF, but there is only a very small dependence on the actual exchange-correlation functional used. The optimum polarization exponents were determined for a representative set of small molecules at the BLYP level, analogous to the previously used procedure. 18 The BLYP polarization exponents are in general slightly larger than the corresponding HF values, which to some extent is due to the more diffuse nature of the s-and p-functions. The final set of exponents for pc-n (nϭ0 -4) basis sets for the elements H, C, N, O and F is given as supplementary material.
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Calibration
At the HF level of theory it is possible to establish the basis set limit for diatomic systems by performing numerical Hartree-Fock calculations. 22 Table I shows the errors in total energies calculated by the uncontracted pc-n basis sets, with the exponents taken as the BLYP optimized values. The atomic energies are calculated for spherical atoms, i.e., all p-orbitals are equivalent. It is seen that the error relative to the HF-limit decreases by roughly an order of magnitude for each step up in basis set quality, and extrapolation ͑discussed below͒ based on the pc-2, -3 and -4 data further improves the results by approximately a factor of 2. The extrapolated results have relative errors ͑absolute error divided by the total energy͒ of approximately 10 Ϫ7 , which for these systems translate into absolute energy errors on the order of a few micro-hartree. The worst case system is H 2 with a relative error of 9ϫ10 Ϫ7 , primarily due to the choice of polarization exponents suitable for molecular calculations, which are not optimum for describing the short bond distance in H 2 . The errors for the diatomic systems are approximately evenly distributed between the sp-and polarization spaces, as indicated by the atomic errors.
For application purposes the absolute energy is of little importance, since most properties of interest are related to energy differences. The total atomization energy, defined as the energy of the molecular system relative to the isolated atoms, will display a faster convergence with respect to the basis set size, as the molecular and atomic errors to some extent will cancel. Since the atomic energy only depends on the s-and p-functions, a large fraction of the remaining error will be related to the polarization functions. Alternatively, the total atomization energy can be defined relative to the corre- sponding diatomic molecules ͑H 2 , C 2 , N 2 , etc.͒, which will allow some of the errors associated with polarization functions also to cancel. In general, the more similar the systems to be compared are, the greater the error cancellation can be expected. The energy difference between two different conformations of the same molecule, for example, is expected to show a fast basis set convergence. In this respect the total atomization energy defined relative to the isolated atoms can be considered as the most stringent test after total energies.
The error in total atomization energies ͑kJ/mol͒ at the HF level for the 10 diatomic systems in Table I are shown in  Table II . The performance of each basis set is evaluated by calculating the mean absolute deviation ͑MAD͒ and maximum absolute deviation ͑MaxAD͒ relative to the numerical HF reference values. It is seen that each step up in basis set quality roughly increases the accuracy by an order of magnitude. With the pc-4 basis set the maximum error is 0.1 kJ/mol, and extrapolation ͑discussed below͒ further improves the results by approximately a factor of 2, giving an average error for the atomization energies of 0.01 kJ/mol. The error due to incomplete sp-function space is expected to show a good degree of cancellation for atomization energies, however, the error due to incomplete polarization space will not cancel. Since the latter is approximately half the error in absolute energies ͑vide supra͒, the error in atomization energy is expected to increase with system size, with a magnitude of approximately 0.01 kJ/mol or less per atom.
The contraction of the pc-n basis sets was discussed in the previous paper. 18 We proposed a general contraction scheme based on the expansion coefficients from calculations on the atomic systems. This has similarly been transferred to the current DFT basis sets by taking the coefficients from BLYP calculations on isolated atoms. The final contracted basis sets have been purified by the method of Davidson, 25 with functions having coefficients less than 10 Ϫ5 being neglected, to provide the minimum number of primitive functions in each contraction. Contraction of the pc-n basis sets slightly degrades the performance, with the 3s2p1d contraction of the pc-1 basis set being the most problematic. Extrapolation based on the contracted results, however, actually degrades the performance over the raw pc-4 results. We also note that the computational saving by basis set contraction for HF and DFT calculations is not as large as for electron correlation methods, as the computational time for the former is dominated by integral evaluations. The comparison with the cc-pVXZ basis sets shows that the pc-3 basis set provides results intermediate between those from the cc-pV5Z and cc-pV6Z basis sets, while the pc-4 basis sets performs better than cc-pV6Z.
Estimating the Kohn-Sham limit
Since the current pc-n basis sets have been explicitly optimized for DFT methods, the above results at the HF level are likely to overestimate the error at DFT levels. We thus estimate that the pc-4 basis set in connection with extrapola-TABLE I. Errors in Hartree-Fock total energies ͑atomic units͒ relative to the HF-limit with the pc-n basis sets.
͗⌬E rel ͘ is the average relative error ͑absolute error divided by the total energy͒. tion is capable of giving total energies accurate to 10 Ϫ7 in a relative sense, and atomization energies accurate to better than 0.01 kJ/mol per atom. This is sufficiently accurate to provide a rigorous benchmarking of commonly used basis sets, and evaluate the performance of the pc-n basis sets and their contraction schemes. In order to provide a more representative sampling we have selected molecules containing the elements H, C, N, O and F from the G3 data set, 26 shown
in Table III , providing a total of 42 ionization potentials and 95 atomization energies. Although electron affinities are also part of the G3 test set, this has not been considered at present. An accurate calculation of electron affinities is known to require diffuse functions, and such extensions will be considered separately. We have in addition also considered 10 relative molecular energies derived from the G3 data set for species with the same atomic composition. Such relative molecular energies are expected to converge faster with respect to the basis set size than atomization energies, as discussed above. The geometry for all species have been taken as the B3LYP/6-31G͑d,p͒ optimized. Open shell species have been treated within the UHF framework, including the isolated atoms, for which the wave function has inequivalent p-orbitals. All calculations have been performed with the GAUSSIAN 98 program package 27 with the default grid size for calculating the exchange-correlation term. We have tested that the results are stable toward the use of larger grids to within 0.04 kJ/mol in the worst case and better than 0.01 kJ/mol on average. Table IV shows the composition and contraction for a selection of basis sets. The correlation consistent basis sets ͑cc-pVXZ͒ are designed for correlation energies, and are available up to Xϭ6 for many elements. 3 The Pople style basis sets STO-3G, 28 6-31G͑d,p͒ 29 and 6-311G͑2df,2pd͒ 30 basis sets are of minimum, double and triple zeta quality, respectively, and are very popular in routine applications. The 6-311ϩG͑3df,2p͒ basis set has been used by Scuseria and co-workers for developing and testing new exchangecorrelation potentials. 11 The corresponding DunningHuzinaga DZP and TZP basis sets 31 are also commonly used, and the TZ2P basis set has been used by Handy, 12 Tozer, 13 Thiel 15 and their co-workers for DFT development and testing purposes. Also included are some less common basis sets that have been proposed for DFT methods. The GSAW basis sets have been developed specifically for DFT calculations, 32 although they have not been widely used. More recently Porezas and Pederson have developed DFO basis sets by explicit exponent optimization at the DFT level. 33 The latter are somewhat different from commonly used basis sets, since the number of functions in each basis set depends on the element.
The MAD and MaxAD for the 42 ionization potentials, 95 atomization energies and 10 relative molecular energies, relative to results obtained by extrapolation of pc-2, pc-3 and pc-4 energies, are shown in Table V . The errors for the uncontracted pc-n basis set display the same convergence behavior as for the HF data in Table II , an error reduction by approximately an order of magnitude for each step up in basis set quality.
Contraction of a basis set is a compromise between computational efficiency and loss of accuracy. For the pc-0 and pc-1 basis sets a relatively large contraction error is acceptable, since the inherent error is fairly large, while only a small contraction error is consistent with the inherent high accuracy of the pc-3 and pc-4 basis sets. The suggested contractions of the pc-n basis sets based on a previous analysis 18 are shown in Table IV . Of these the contraction of the pc-1 basis to a DZP type ͑7s4p1d contracted to 3s2p1d͒ is the most problematic. This contraction increases the atomization energy by almost a factor of 2 relative to the uncontracted result, as seen in Table V . A contraction to 4s3p1d gives much better agreement with the uncontracted results ͑MAD ϭ19.18 and MaxADϭ44.27 kJ/mol͒. The results for the ionization potential and relative molecular energies do not show the large error increase by the 3s2p1d contraction. If the atomization energies are evaluated relative to diatomic reference data ͑H 2 , C 2 , N 2 , etc.͒ instead, they do not show a similar large degradation by contraction. The 3s2p1d contraction error thus appears to be specific for atomization energies when atomic energies are used as the reference, which is the most stringent test, as discussed above. Since a 4s3p1d contraction increases the number of independent functions from 14 to 18 for each atom relative to a 3s2p1d contraction, we recommend the latter contraction, but users should be aware of the degraded performance for atomization energies.
The performance of other popular basis sets is also shown in Table V . The minimal STO-3G basis set performs much worse than the pc-0 basis set, although the latter has slightly fewer primitive basis functions. The main reason for the poor performance of the STO-3G basis set is the contraction to a minimal basis. Tests showed that a completely uncontracted version of the STO-3G basis set provides results comparable to those of the pc-0 basis set. We have previously shown that a contraction of the pc-0 basis set to a minimum 2s1p basis increases the error by roughly a factor of 3.
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The six basis sets of polarized double zeta quality, ccpVDZ, DZP, GSAW-1, DFO-1, 6-31G͑d,p͒, and pc-1, have comparable errors. The cc-pVDZ display the poorest performance, and the 6-31G͑d,p͒ basis has significant errors for ionization potentials. Tests showed that the main reason for the poor performance of the cc-pVDZ basis is the contraction of the sp-functions. The pc-1 basis performs well, except for the above mentioned contraction problem for atomization energies. It should be noted that it performs better than the commonly used 6-31G͑d,p͒ basis, despite the fact that pc-1 contains fewer functions. Of the six polarized triple zeta type basis sets, cc-pVTZ, TZ2P, GSAW-2, DFO-2, 6-311G͑2df,2pd͒ and pc-2, the pc-2 basis set in all cases provides significantly better results for a comparable number of basis functions ͑Table IV͒. The GSAW-2 and DFO-2 basis sets, which have been designed for use with DFT methods, are inferior to the pc-2 results. For the larger basis sets, the pc-3 basis set provides much better results than the cc-pVQZ, by approximately an order of magnitude, despite the comparable number of basis functions in the two basis sets. Table II indicates that the pc-4 basis set provides results better than those from the cc-pV6Z basis set.
The errors associated with the 6-311ϩG͑3df,2p͒ and TZ2P basis sets are of particular interest since they have been used for developing and testing new exchangecorrelation functionals. Scuseria and co-workers have shown that some of the most accurate functionals ͑e.g., VSXC, B3LYP and PBE1PBE͒ in connection with the 6-311 ϩG͑3df,2p͒ basis set give MAD values for atomization energies compared to experimental results of 10-20 kJ/mol, with corresponding MaxAD values of 30-40 kJ/mol. 34 These values can be compared with the MAD and MaxAD basis set errors of 2 and 12 kJ/mol ͑Table V͒. The MAD and MaxAD values for ionization potentials are 0.5-0.7 and 2-3 kJ/mol compared to experimental data, and Table V shows that the basis set alone provides a MAD of 0.7 kJ/mol and a MaxAD of 3.1 kJ/mol compared to the basis set limit. Handy and co-workers have used the TZ2P basis set for developing their parametrized HCTH functional, where 15 parameters are fitted to experimental data. 12 Their MAD for atomization energies in the final model is 24 kJ/mol, which can be compared with the MAD value of 14 kJ/mol due to basis set incompleteness ͑Table V͒. It would thus appear that a good part of the basis set error has been absorbed in the parametrization.
The present results suggest that the error from basis set incompleteness with commonly employed DZP or TZP type basis sets is not insignificant compared with the inherent error in some of the most accurate exchange-correlation functionals. This indicates that basis sets with smaller inherent errors should be used in future functional developments, as for example the pc-n basis sets. It should also be noted that for exchange-correlation functionals having empirical parameters, the basis set used in the parametrization becomes an integral part of the model, analogous to semi-empirical methods. When parameters are derived by fitting results from calculations with a specific basis set to experimental data, the parameters absorb some of the basis set error, and it is therefore possible that calculations with larger and more complete basis sets will actually degrade the performance.
Extrapolation procedures
Theoretical analysis suggests that the correlation energy calculated by wave mechanics converge as L Ϫ3 , where L is the highest angular momentum included in the basis set. 35 For the hydrogen atom an analysis by Klopper and Kutzelnigg suggest that the total ͑i.e., HF͒ energy has an exponential dependence on the square root of the number of s-type Gaussian functions. 36 No theoretical analysis is available for the dependence of HF or DFT energies on the highest angular momentum included in the basis set for molecular systems. Numerical results indicate that the L-convergence is also exponential, and a square root dependence appears to fit the data slightly better than a straight exponential. 20 An exponential function of the type shown in Eq. ͑1͒ has been used in other applications for estimating the basis set limit for both HF, DFT and correlation energies using the cc-pVXZ basis sets. 4, 17, 37 EϭE ϱ ϩAe ϪBL . ͑1͒
In the present case extrapolation by Eq. ͑1͒ improves the cc-pVQZ results by approximately a factor of 2, except for relative molecular energies where the improvement is marginal. Based on the numerical results for diatomic systems 20 we have also considered a corresponding extrapolation function depending on the square root of L:
From the principle of construction, we have argued that extrapolations of the type shown in Eqs. ͑3͒ and ͑4͒ should be suitable for extrapolating total energies from the pc-n basis sets ͑n s is the number of s-functions in the basis set͒:
Based on the theoretical analysis by Klopper and Kutzelnigg, 36 and the numerical data in Ref. 20 , we prefer the function shown in Eq. ͑4͒ for extrapolation to the basis set limit. Furthermore, function ͑4͒ provides the best agreement with the numerical HF data in Tables I and II when extrapolating pc-2, -3 and -4 results, as well as pc-1, -2 and -3 results. When extrapolating the pc-2, -3 and -4 energies, however, there is little difference between the results from using either of the above four functions. The MAD from extrapolation by functions ͑1͒-͑3͒ differ by less than 0.01 kJ/mol from those obtained by function ͑4͒, and the corresponding MaxAD is less than 0.03 kJ/mol.
The performance of the extrapolation for the pc-0,-1,-2 and pc-1,-2,-3 total energies with the function in Eq. ͑4͒ is shown in Table VI . Results from pc-0,-1,-2 extrapolations show little or no improvement over the raw pc-2 results. The corresponding pc-1,-2,-3 extrapolated results represents an improvement over the raw pc-3 results, however, the improvement is not impressive, being less than a factor of 2. The performance of the extrapolation for the contracted pc-n basis set results follows those for the uncontracted results, except that the pc-2c,-3c,-4c extrapolated results provides little or no improvement relative to the raw pc-4c result. This is presumably due to the ͑relatively͒ large contraction error for the pc-2c basis, which destroys the fine balance required for attaining micro-hartree accuracies.
The main problem with the extrapolation functions of the type shown in Eqs. ͑1͒-͑4͒ is that they require three data points. The lowest order extrapolation is therefore based on pc-0, -1 and -2 results, however, the pc-0 results are so far from the limiting result that the extrapolated results do not improve raw pc-2 results. Extrapolation based on pc-1, -2 and -3 results gives a small improvement over the raw pc-3 results, but the relatively poor energies from the pc-1 basis set again prevent an efficient extrapolation.
The premise of extrapolation functions of the above type is that the B-parameter is relatively insensitive to the molecular system and the n-value in the pc-n basis set. Choosing the B-parameter to be a constant reduces the fitting function to a two-point extrapolation. Tests based on absolute energies compared to the numerical HF data in Table I , and by fitting to the BLYP energies obtained by a three-point extrapolation of pc-2, -3 and -4 results, suggest that the B-parameter to a good approximation can be taken as a constant with a value of 5.5. Results from such two-point extrapolations are also shown in Table VI . A two-point extrapolation of the pc-0 and pc-1 results actually deteriorates the performance for atomization energy, confirming the above conclusion that the pc-0 results are too far removed from the limiting value to provide a reliable extrapolation point. Extrapolation based on the pc-1 and pc-2 energies represents an improvement over the raw pc-2 results, and is also better than a three-point extrapolation of the pc-0, -1 and -2 data. Two-point extrapolations based on pc-2,-3 energies give results of similar quality as three-point extrapolation based on pc-1,-2 and -3 results. Since the overall computational cost will be dominated by the calculation with the largest basis set, only the pc-1,-2 two-point extrapolation is recommended for general use. If the pc-3 and pc-2 results are available, the corresponding pc-1 data can be generated by a marginal increase in computational cost, and used with a three-point extrapolation of the form in Eq. ͑4͒. Finally if pc-4 results are available, they can be used with the corresponding pc-2 and -3 data with a three-point extrapolation. Note that only the uncontracted versions of the basis sets should be used with the latter extrapolation. These recommended extrapolations in general improve the results by approximately a factor of 2.
The relatively small improvement by extrapolation is in sharp contrast to the situation for correlation energies, where extrapolation is an essential ingredient in obtaining high accuracy. The main difference between the two cases is the inherent fast basis set convergence of DFT ͑and HF͒ methods. Since each successive increase in quality of the pc-n basis sets gives approximately an order of magnitude improvement, even a two-point extrapolation procedure employs data which are at least a factor of 10 further removed from the limiting value. Given that the fundamental variable, the number of basis functions in each pc-n basis set, is quantized and only differ by 2-4 between the different n-values, this makes it difficult to design an extrapolation function capable of substantially improving the raw results.
CONCLUSIONS
It is shown that the previously proposed polarization consistent basis sets after reoptimization of the exponents and contraction coefficients at the DFT level provides a welldefined hierarchy for approaching the Hartree-Fock or Kohn-Sham basis set limit for molecular calculations. Each step up in basis set quality improves the results by approximately an order of magnitude. The largest pc-4 basis set provides results with an error in total atomization energy of less than 0.01 kJ/mol per atom. An exponential extrapolation can further improve the results by approximately a factor of 2. The pc-1 basis set is of polarized double zeta quality, and it is shown that it provides better results than other polarized double zeta type basis sets, for a smaller or comparable number of basis functions. The pc-2 basis set similarly provides results of higher accuracy than comparable sized basis sets of polarized triple zeta quality. The pc-3 and pc-4 results are superior to other standard basis sets for HF and DFT calculations. It is shown that commonly used basis sets for routine applications and for development purposes have basis set errors which are comparable to the inherent error in the most accurate exchange-correlation functionals.
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